ON THE OBSTRUCTION TO INTEGRABILITY OF 
ALMOST-COMPLEX STRUCTURES 



VALERIY A. YUMAGUZHIN 



Abstract. The natural bundle n : E M of almost-complex struc- 
tures is considered. The action of the pseudogroup of all diffeomor- 
phisms of M on the total space E is investigated. A nontrivial 1-st 
order differential invariant of this action is constructed. It is proved 
that the Nijenhuise tensor of an almost-complex structures is equal to 
zero iff the constructed invariant for this structure is zero. 



1. Introduction 

It is well known that structure functions of G-structures and their pro- 
longations are differential invariants of corresponding geometric structures, 
see [7]. However it is inconvenient to use these invariants in some cases to 
investigate the equivalence problem of geometric structures. Very often it 
is more suitable to make use of differential invariants defined in jet bundles 
of the natural bundle of a considering geometric structure. Therefore it 
seems natural to construct differential invariants like structure functions of 
G-structures directly on jet bundles of natural bundles of geometric struc- 
tures. We do it by example of the natural bundle of ordinary differential 
equations y" = a^{x,y)y''^ + a?{x^y)y''^ + a^{x,y)y' + a^{x,y) in [S] and 
[S]. In this paper, we construct a differential invariant like the structure 
function of G~structure directly on the 1-jet bundle of the natural bundle 
of almost-complex structures. 

By IT : E ^ M we denote the natural bundle of all almost-complex 
structures on the manifold M and by F we denote the pseudogroup of all 
diffeomorphisms of M. Every diffeomorphism / E F is lifted in the natural 
way to the diffeomorphism f^'^^ of the bundle j'^vr of all /c-jets of all sections 
of vr, k = 0,1,2, .. . . Thus the pseudogroup F acts by its lifted diffeomor- 
phisms on every J^ir. Invariants of this action are differential invariants (of 
order k) of the action of F on tt. 

The constructed invariant is a differential invariant of 1-st order of this 
action. It is the function x on J^tt with values in Spencer cohomology 
groups: 

X ■■ jlS ^ x{jlS) G ^°''(<75(p)) Vi^S G , 
where 5" is a section of vr, j^S is its 1-jet at p € M, and H^'^{gs[p)) is the 
Spencer cohomology group generated by the isotropy algebra gs{p) of the 
almost-complex structure S{p) on the tangent spase TpM to M at p. 
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Further, we choose the natural representative ujjig in every class xUp^)- 
As a result, we obtain the differential invariant 

^ : j^S ^ iv^is e TpM ® (A^T^M) . 

Every section S" of tt generates the section jiS : p i-^ j^S , y p E M oi the 
bundle J^tt. The restriction u}\j-i^s of to to the image of jiS can be considered 
as an invariant vector-valued 2-form on M. We prove that the Nijenhuise 
tensor of the almost-complex structures S is equal to zero iff the u!\j^s is 
zero. 

All manifolds and maps are smooth in this work. By jpf denote the fc-jet 

of the map / at the point p, k = 0, 1,2, We assume summation over 

repeated indexes in all formulas. 

2. The natural bundle of almost-complex structures 

2.1. The bundle of tensors of type (1, 1). Let M be a 2n - dimensional 
smooth manifold. Consider the natural bundle 

r : TM ® T*M — ^ M 

of all tensors of type (1, 1) over M. By 

Tk ■■J'^T >M 

denote the bundle of A;-jets of sections of r, k = 1,2,... A local chart 
[U, (,x^, .... .T^")) of M generates in the obvious way the local chart in J^r 

i'^k^i^)^ (^'^ ^' ^ji' • • • ' w'^^^^ hjJi,- ■ ■ Jk = 1, . . . ,2n. We 

say that the coordinates of this chart are standard coordinates of J^t. 

Let / be a difFeomorphism of M. It is naturally lifted to the difFeo- 
morphism of the total space of r. In a standard coordinates, /("^ is 
described in the following way. Suppose / is described in coordinates of M 
by the equations 

5^ = f (x\...,a;2"). 
Then /(°^ is described in the standard coordinates by the formulas 

x^ = r(x\...,x2"), 

where x = (x^, . . . = dp /dx"^ , g = f~^, and gj = dg^/dxK It is 

clear that the following diagram is commutative 

/•(O) 

TM(g)T*M — > TM(g)T*M 



M ^ M. 

/ 

Every diffeomorphism / of M is lifted in the natural way to the diffeo- 
morphism f^'^^ of J^t. This lifted difFeomorphism is defined by the formula 

where S is a section of r, jpS is its fc-jet at the point p G M. 
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The natural projection 

Tl,m ■ J^T > J'^T , l>m>0, 

is defined by Ti^mUpS) = j^S, ^ jpS G J'vr. Obviously, the diagram 

jV — > jV 

J'^T > J'^T 

is commutative. 

Suppose / and g are diffeomorphisms of M, then obviously, 

(/o5)(^) = /Wo5W, A; = 0,1,... 

Let X be a vector field in M and let ft be its flow. Then the lifted flow 
ff^^ defines the vector field X''^^ in the total space of r, which is called the 
lifting of X to the total space of t. It is clear that 

n(xW)=X. 

Suppose X is described in coordinates of M by the equation 

X = X\x)^^+... + X^-{x)- ^ 



Then it follows from ([1]) that X^'^'> is described in the standard coordinates 
, u*- by the formula 

where = dX^ jdxK 

2.2. The bundle of almost-complex structures. Recall that a section 
iS* of T is called an almost-complex structures on M if it satisfies to the 
equation 

5(p)2 = -idT,A/, VpGM (3) 
where id TpM is the identity map of the tangent space TpM to itself. The 
equation ([3|) defines the subbundle 

= t\e:E — > M 

of the bundle r, where 

E = {Q^TM® T*M I ^2 = _ idT^M, P = T{e) } . 

It is clear that the set of all section of vr is the set of all almost-complex 
structures on M. 

It is easy to check that for every diffeomorphism / of M, its lifted dif- 
feomorphism f^^^ transforms the total space of vr to itself. Hence every 
diffeomorphism / of M is naturally lifted to diffeomorphism f^^^E of the 
total space of vr. Thus vr is a natural bundle. 

It is clear that for every vector field X in M, its lifted vector field X^'^^ is 
tangent to the submanifold E. 
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By 

VTfc : J^^ — >M 

denote the bundle of /c-jets of sections of vr, k = 1,2,.... The natural 
projection tti^q : J^vr — > -E is defined by T^ifl{jpS) = S{j>), ^ jpS € J^vr. 

It follows from ^ that J^vr is described as a submanifold of J^r in 
standard coordinates by the equations 

^ ^ (4) 

U^kU'j + M^M^^fc = , 

where 5j is the Kronecker delta. 

By r we denote the pseudogroup of all diffeomorphisms of M. 

It is clear that for every / G F, its lifted diffeomorphism f^^^ transforms 
submanifold J^ir C J^r to itself. We will denote the restriction f^''^\jk^ by 
Z^'^), A; = 0,1,2,... . 

Thus the pseudogroup F acts on every J^ir by the lifted transformations. 
Invariants of this action are differential invariants (of order A;) of the action 
of F on vr. 



3. ISOTROPY ALGEBRAS AND SPACES Ag^^ 

3.1. Isotropy algebras. Let X be a vector field in M and let p be a point 
of the domain of X. Then it follows from ([2]) that for every 6q G 7r~^(p), the 

value Xl°^ of the lifted vector field at 6*0 is defined by the 1-jet jpX of 
X at p. 

Let ^0 G J^"^ and p = vr(^o)- Consider all vector fields X on M passing 
through p. The isotropy algebra of the point is defined by the formula 

ff^*o = {ip^|<^=0}. (5) 

From this definition, we have that if jpX € gof^, then Xp = 0. Suppose 
^0 = (a^S u]) in standard coordinates and jpX = (X*, Xj) in the coordinates 
x\ . . . , x^*^ in M. Then it follows from Q that {X\ Xj) G go,, iff the 
components X'^ and Xj satisfy the equations 

X' = 0, 

XXj - ui^j = . (6) 
Let us move Oq by an appropriate lifted diffeomorphism f^^^ to 9q G 7r~^(p) 




, where / is the identity n x n-matrix. From 



([6]) , we get that the algebra g^^ consists of all matrix of the form 

where A and B are an arbitrary n x n-matrixes. Hence dimg'gj^ = 2n^. It 
implies that 

dimge^ = 2n^ . 

The algebra gg^^ can be considered as a subspace of TpM T*M. Indeed, 
let i : TM ^ M be the tangent bundle of M, : J^^ ^ M its bundle of 



i-B a)' 
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1-jets of sections of ^, and .^i^o : TM the natural projection defined 

by ^1,0 '■ jp^ ^ Xp, ^ 3p^ £ J^i- Consider the weh known exact sequence 

TpM T;M a Jpi^ ^ TpM , 

where fi is the hnear map defined for decomposable elements by the formula 
IJ,{Xp (g) dip) = jp{ipX), X is a vector field on M, and (/? is a smooth function 
on M such that Lp{p) = 0. Prom this sequence, we get that ge^ C ker^i^o — 
TpM T*M. It imphes ge^ C TpM T*M. 

Recall that the subspase of TpM (g) {T*M T*M) defined by 

di'J = {geo ^ t;m) n {TpM {t;m © t;m)) 

is called the 1-st prolongation of gg^^. The following Spencer complex is 
connected in the natural way with the algebra ggg 

-> g^ej ^ goo ® t;m ^ TpM {a^t;m) -> O , (7) 

here di,i{h){Xp,Yp) = h{Xp){Yp) - h{Yp){Xp), M h G g9,®T;M, ^ Xp,Yp e 
TpM. By H^''^{gQf^) we denote the cohomology group of this complex at the 
term TpM ® a'^T*M. 

Proposition 3.1. (1) Ifn = \, then H^''^{ggg) is trivial. 
(2) If n>2, then H^'^{gg^^) is not trivial. 

Proof. (1) It is easy to calculate that dimg'g^^ = 2. Taking into account that 
dim = 2, from we get that H'^''^{geJ = {0}. 

(2) It is clear that the number of linear independent equations in system 
([6]) is 4n^ — 2n^ = 2n^. It follows that the number of linear independent 
equations in the system defining g^J less or equal 4n^. The number of 
unknowns in this system is An^ + 2n^ . Thus dim g^J > An^ + 2n^ — 4n^ = 
4n^ — 2n^. Taking into account that dirngg,^ (S) T*M = 4n^, dim TpM (8) 
{A^T*M) = 4n^ - 2n^, from we obtain that dimlmai,i < 2n'^ < 4n^ - 
2r? . This means that the cohomology group H^''^{ggg) is not trivial. □ 

3.2. Spaces Ag^. Let 9i € J^vr, p = tti{9i), and 5 be a section of vr such 
that jpS = Oi. By we denote the tangent space to the image of the 
section S at the point 6q = S{p). Obviously, this space is independent of the 
choice of a section of vr realizing the jet ^i. This means that 0i is identified in 
the natural way with the horizontal subspace JCg-^ . In standard coordinates, 
"Xg-^ is described in the following way. Suppose 9i = {x'', n*, Then 

d ■ d d ■ d 

Let / be a (local) diffeomorphism of M. Then it is obvious that if 6i belongs 
to the domain of f^^\ then 



(8) 



6 V.A. YUMAGUZHIN 

Let Vg^ be the tangent space to the fiber T~^{p) at the point ^o- Clearly 
that in standard coordinates, Vg^ is spanned by all vectors d/du^j, that is 

Obviously, we have the following direct sum decomposition 

J°r = Xg, e Vg, . 

Consider all vector fields X in M passing through the point p. Introduce 
a subspace Ag-^ of vector space of 1-jets at p of these vector fields by the 
formula 

Ag, = { j^X I eXg,}. (9) 

From ([2]), we get that (X'', Xj) G Ag-^ iff the components X'' and Xj satisfy 
the equations 

- , X" + x>^" - uj. x; = , ( lo) 

where the coordinates Uj and ^ satisfy equations dH) . 

Let / be a diffeomorphism of M and let p be a point of the domain of /. 
The tangent map : TpM — s- T^^^p^M generates the map 

jpf ■■ jU Jjip)^ ' jpf ■ jl^ ^ jm (/*(^)) • 

Proposition 3.2. Let 6i be a point of the domain of f^^\ Then 

fpfiAg,)=AfWig,). (11) 

Proof. Let j^X € Ag-^. This means that Xg^^ G "X-g^, where = '^i,o{(^i)- 
From m, we get fi^Hx^^^) G Xjw^g^y From fP{xj,^^) = {f,X)fl,^^^^, we 
get (/,(X)) G By the definition fpfU'^X) = jj^^^ (/.(X)) . □ 

3.3. Horizontal subspaces. From definitions 1^ and ([9|) we get 

geoCAg,. (12) 
From definition of Ag-^ , we get that 

^ifliAg,) = TpM . (13) 

In addition, 

ker^i^oUg^ = 560- 

We say that a 2n-dimensional subspace H of yi^^ is horizontal if the 
natural projection 

is an isomorphism. From (llOp , we obtain that there are horizontal subspaces 
in the space Ag-^ . 

Let H he a. horizontal subspace of Ag-^ , then obviously 

Ag,=H® gg^ . 

Any two horizontal subspaces H and H of yig^ define the linear map 
/^_^ : TpM ^ <7e, , f^j, : X ^ (6,o|i/)-i(X) - (ei,o|^)-'(^) • 
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Let H C Ae-^ be a horizontal subspace and let / : TpM gg^ be a linear 
map. Then there exist a unique horizontal subspace H C Ag-^ such that 
f = ffj H- This subspace is spanned by the 1-jets {Ci,o\H)^^iX) — fi^)j 
X G TpM. 

Let / be a diffeomorphism of M such that 6i belongs to the domain of 
/(^). Then obviously, we have 

Proposition 3.3. Let H be a horizontal subspace of Ag^^-^. Then jpf{H) 
is a horizontal subspace of Aj{i)^g^y 

4. Differential invariants 

In this section, we find a differential invariant of order 1 of the action 
of r on IT. For n = 1, this invariant is trivial; for n > 1, this invariant is 
nontrivial. Finally, we compare the founded invariant with the Nijenhuise 
tensor. 

4.1. The structure function. Let p E M. Consider the vector space Jp^ 
of 1-jets at p of all vector fields in M passing through p and the bilinear 
map 

[•,■]: -/^e X Jli TpM , [jiX, jiy] = [X, Y]p , 

where [X, y]p is the value at the point p of the bracket of the vector fields 
X and Y. 

Every horizontal subspace H C Ag-^ generates the exterior 2-form ujh on 
TpM with values in TpM by the formula 

i^H{Xp,Yp) = [(^.olj-'TO, iCifil HrHYp)], yXp,Yp G TpM. (14) 

Let ^0 = ^1,0 (^i)- The form ujh defines the element 

x{Oi)=u;h + di,iigg,^T;M). 

of the cohomology goup H^''^{gg^) = TpM ® A'^T*M/di^i{gg^ (g) T*M) (see 
©)• 

Proposition 4.1. The class x(^i) ^-^ independent of the choice of a hori- 
zontal subspace H in Ag-^ . 

Proof. Suppose H and H are horizontal subspaces of Ag-^ . Then in coor- 
dinates, we have H = {{X\ /i*- ^X^) } and H = {{X\ /i*- }. Hence 
iOH{{Xp,Yp)) = X'Y'ihl^, - h'^^ and ^^((Xp,^^)) = X''y'{K,s " K,r)- 
Taking into account that {h'jj. — h^j^) G gg^^TpM , we ohtam that ujh — ^h S 
di,i{gg,(E)T;M). ' ' □ 

Let / be a point transformation of the base of vr such that 9i belongs to 
the domain of f^^-'. From propositions 13.21 and 13.31 we obviously get that 

{iVHiXp, Yp)) = up^f^^H) if*{Xp), f,{Yp)) , yXp, YpeTp. (15) 

Hence the element x(^i) is defined by 6i in the natural way. Thus we obtain 

Proposition 4.2. The field 

X-Oi^ X{0i) 

on J^TT is a 1-st order differential invariant of the action ofV on it. 
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4.2. The natural complement. In this section for n > 1, we find a natural 
complementation to the space di^i{ggQ ®T*M) in the space TpM ®{/\^T*M). 

Let 6*0 be a point of J^tt = E C TM ® T*M and p = TT{do). Then 6*0 
generates the linear map 

9o : TpM r;M — > TpM ® T^M , % : X ^ XOq - OqX . 

Obviously 

ker 6*0 = goo ■ 

Lemma 4.3. 

ker ^0 n Im ^0 = {0} 

Proof. Suppose X G ker H Im • Then X9q — OqX = and there is 
Y G TM ® T*M such that X = ¥60- 9oY. It follows = {Y9o - 9oY)9o - 
9o{Y9o-9oY) = -2{Y+9oY9o). Hence Y = -9qY9o. Therefore 9qY = Y9q, 
that is y € ker^o- This means that X = {). □ 

From this lemma, we get the direct sum decomposition 

TpM T;M = ge^ Im ^0 • (16) 

Thus every X € TpM T*M can be uniquely decomposed in following way 

X = ^{X-9oX9o) + ^{X + 9oX9o), (17) 

where {1/2){X - 9qX9q) G gg^ and (1/2)(X + ^o^^o) G Im^o- 

Lemma 4.4. Let f he a local diffeomorphism of M defined in a neighborhood 
of p. Then 

Im/'(o)^) = /(°)(Im^o) and ker /^o)^) = /(°)(ker ^0) 
Proof We have /W(^)) = /(°H^^o) - /(°H^o^) = /(°H^)/^°^(^o) - 
/(O)(0o)/^°H^) = /^°H^)(/^°n^))- This proves the first equality. Let 
X G kerj-o. Then /'wS)(/(o)(X)) = /W(X)/(o)(^o) - /(°H^o)/(°)(^) 
= /'■*^-* (^o(-'^)) = 0. This proves the second equality. □ 

This lemma means that generates direct sum decomposition (|16p in 
the natural way. 

Consider the Spencer complex, see ([7]), generated by the algebra TpM (g) 
T*M 

-> TpM (g) {q^t;m) ^ 

^ {TpM ^ t;m) t;m ^ TpM (A^r;M) -> o . (is) 

It is easy to calculate that dim TpM {Q^T*M) = An^ + 2n^, dim(rpM 
T*M) (g) T*M = 8n^, and dimTpM ® {A^T*M) = An^ - 2n^. It follows that 

^1,1 {{TpM (g) T*M) (g) T*M) = TpM (g a'^T*M . (19) 

From (I16p . we get the following natural decomposition 

{TpM <g) T;M) (g T;M = {ge„ ® T;M) © (Im ^0 <^ T;M) . (20) 
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Lemma 4.5. 

5i,i(5eo » t;M) n ai,i(Im^o ® t;M) = {0} 

Proof. Suppose Z G di^i{geo ® T*M) n 9i,i(Im^o ® T*M). Then there are 
X ^goo® T*M and F e Im^o ® T*M so that = = that 

is - y) = 0. From (dSl), this means that X -Y ^ TpM {q'^T*M). 

Taking into account ()16p . we get 

TpM(g>{Q^T;M) = {TpM®T;M)^^^ = (<7,„eIm^o)^'^ = (5^)j(^^e(Im^o)^'^ 

Hence there are Xi £ (geo)^-^^ and Yi G (Im^o)*^^^ so that X - Y = Xi + Yi, 
that is X — Xi = Y — Yi. Taking into account that X — Xi ,Y — Yi G 
{TpM^Tj*M)^T;M, Im(X-Xi) C gg„ Im(y-yi) C Im^o, and we 
obtain that X - Xi =Y -Yi = 0, that is X = Xi and Y = Yi. It follows 
Z = 9i,i(Xi) = di^i{Yi) = 0. This completes the prove. □ 

Now from (|20p. (jl9p . and this lemma, we get the following natural de- 
composition 

TpM {A^T;M) = di,i{geo T;M) e 5i,i(Im^o ^ T;M) . (21) 

4.3. The invariant 2— form. From (|2ip . we get that for every 9i G J^vr, 
there exists a unique representative G x(^i) such that 

we, G di^iilm 00 ®T;M). 

It follows from state above 

Proposition 4.6. T/ie /leW of 2-forms 

uj : 01 I > ujg^ 

on J^TT is a 1-st order differential invariant of the action ofV on vr. 

Let us calculate u) in standard coordinates. Suppose 9i = (x"?, u*, 
Then from ([TO]) . we get that a horizontal subspace H = { (X*, /i* ^X*") } of 
yigij is described by the equation 

-nj,, + /i;,,u5-</i^,, = 0. (22) 
We have that (/i* ,.) G (TpM ®T*M)®T*M . From ([IT]) and ([lOD, we obtain 
that the natural projection of (/i*-^) on Im^o ® T^M along 55/,, TpM is 
i(/i;., + R-om dZSD, we' get that \{hl^ + KK^.u^^) = -l^^^u]. 

Therefore ((— ^m* ^np) = \{—u\.j.u^j -|-m*jM^). Thus in standard coor- 
dinates 

1 d 

Let 5 be a section of vr. It generates the section jiS of the bundle vri by 
the formula 

jiS : p ^ ilS , Mp^M . 
By uj\j^s we denote the restriction of u) to the image of jiS. This restriction 
can be considered as an invariant vector-valued 2-form on M. From (|23p . 
we get that 

{^\hs)]k = 2^^^^'0 ~ ^r,k Sj) , (24) 
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where Sj ^ = dSj/dx^. By N we denote the Nijenhuise tensor of the almost- 
complex structure 5. Recall, see |3], that 

Theorem 4.7. 

N = iff u;\j,s = 0. 

Proof. Let p be an arbitrary point of the domain of S. 

Suppose = 0. Then in a neighborhood of p, there exist local coordinates 

x\ . . . , x^" so that S'(x^ . . . , x^") = (^^ , see [Sj. Now by ([Ml), we get 

that = 0- 

Let uj\jj^s = 0. Check local coordinates in a a neighborhood of p such that 
S{p) = . This means that 

{—1 if i + j = 2n + 1 and i < n , 
1 if i + j = 2n + l and i > n + 1 , 
if i + j / 2n + 1 . 

It follows from ((251) that 



^^jkiP) — ^Wfc,2n+l-i'-'j '^j,2n+l-k'-'k 



o'in+l—i oi I ci2n+l— irii \ 

where there is no summation over repeated indexes of the form 2n + 1 — s. 

Show that the term 2(31,^^,^^ S]^+'-' - 5j_2„+i-fc^f+'-') of iVj,(p) is 
zero. From ()24p . we get 

('^liiS)2n+l-jr' 2n+l-A;(p) = 9 ('S'fc,2n+l-j'S'2n+l-fc ~ ^j,2n+l-kS2n+l-j) 



2 

l/oi Q2n+l — k ni Q2n+1— j\ 

2 Wfc,2n+l-j'-'fc '-'j,2n+l-fc'-'j ) 



We have that either 5f +1"'= = fi-f or 5f +1"'= = -Sf It follows 
that the considered term of Njj^{p) is equal to ^'ii^\jis)2n+i-j2n+i- 
This means that this term of Njf^{p) is equal to zero. 

Show that the last term 2((S|_^+^-* - of N'.^{p) is zero. 

From (j24p . we get 



1 

/ ,1 ^2r^+l-^/'„^ _ ^ ( Q2n+l-i Q2n+l~k Q2n+l-i Q2n+l-j\ 
y^ljiSJjk yP) — 2^^ri+l-k,j'^k '^2n+l-j,k'^j ) 

^ ( Q2n+l—i or Q2n+l—iQr\ 
2^'^r,j '-'k '->r,k "^j ) 



where there is summation over the repeated index r. Taking into account 
([3]), we obtain 

^ f Q2n+l—i or Q2n+l—iQr\ ^ / Q2n+l—i or Q2n+l—i or \ 

2^ fj r,k '-'j) ~ 2 

^ ( Q2n+l—i oi Q2n+l—i oi \ ^ ( \Q2n+l—i 

~ qWi >^k,j '~>j,k) — ^\'^k,j '~>j,k)^i 
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Therefore S^j — 5*- ^ = for all i,j,k. It follows that the second considered 
term of Nj^{p) is equal to zero. □ 
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